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1. *

Chapter 4 Auxiliary Functions

dU =TdS — PdV — ' ~U=U(S,V)
oras =Y Py W S=5(U,V)
T T T

S, V are not a convenient independent variables.
T, P are the most convenient independent variables for experimental
operation.
T, V are the most convenient independent variables for theoretical
investigation.

" For a closed system, fixed volume.

= quantization of energy levelsis fixed.

= Boltzmann factor (e " ) and partition function (P = Ze_ﬁ) are constant
atconstant T, V.

Some thermodynamic functions are not amenable to experimental
measurement, however, they are related to some other measurable quantity.

e.g_ [8_Uj :T’ (G_U] :_P’
os ), oV )

Defined functions:

H = U+PV (Enthalpy)
A = U-TS (Helmholtz Free Energy)
G = H-TS (Gibbs Free Energy)

2. AU=Q-W
~U, -U; =Qp —P(V, -V))

U
(H

i.e.

2t PVZ)_(Ul + PVl) :QP
2° Hl)P = QP

AH, :QP

3. Helmholtz Free Energy : A
A=U -TS
(Az - A1) = (Uz _Ul) - (Tzsz _Tlsl)
(Az - A1) =(Q-W)- (T232 _Tlsl)
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For isothermal process : T, =T, =T
Q<Q,, =T(S,-S,)=TAS
(A -A)S-W
ie. (A, —A)+TAS,, =W, ®
(orwW,,, =W +TAS,,)
S dA+TdS,,, =-oW
For constant (T,V): oW =0
dA+TdS,, =0
- dsS,, >0, dA;, <0 (Spontaneous)
Reversible ds,, =0, dA;, =0
Therefore dA;, <0
Criterion for equilibrium : Atconstant T,V dA;,, <0
ie. A, 4 (non-equilibrium)
A., = A,, (atequilibrium)

EX: Constant T, V sublimation of solid

Total: n atoms
Two extreme states: 1. Solid phase only.

2. Vapor phase only.
(Reservoir) porp y
/%_’Q
When Solid — Vapor, U 1,S*1.

constant voluma, constant volume, . constant volume,
constant temparature constan! lamperalure constam lemperature
!
U u
A=U-T{§
T A=U-TpS
. ‘Té‘
To5
0 n 0 n (eq.T) n 0 ngleq.Tq) nleq.Ta) n
My —
¥ ny —= ny —>

Assume :ideal gas

o N(T)KT
v _Vs)
pry = MK pqr) - MWL) KT
(V _Vsl) (V _Vsz)
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Usually, In P(atm) = Ta +b

* If the reservoir is adiabatic, the combined system is one of constant U, V
ASU,V>0

When P<Peg., spontaneous evaporation occurs.

Q

AS(reservoir) = T

AS(cylinder) = +% +AS;,,

SAS, =AS,, >0;  from®:AA+TAS,, =-W
Cylinder (constant T, V) = AA;, +TAS, =0  or AA;, =-TAS,,
AS;, >0, AA;, <0

i.e. minimization of A, at constant T, V, is the criterion for equilibrium.

4.  Gibbs Free Energy

G = H-TS
J(Gy—Gy)=(H,—H,)—(T,S,—T.S))

- (Uz - U1)+(P2V2 - P1V1) - (Tzsz - Tlsl)
AtconstantT, P, i.e. T,=T,=T, P,=P,=P
L (G-Gy) = (U-U)+P(V,-V,) —T(S-Sy)
1 law: (U,-U)=Q—W
J(G—G)=Q—W+P(V,— V) —T(S;—Sy)
Total work (K) = mechanical + chemical

) W)
electrical
S W=P(V,—V,)+W’
(G,—G)=Q—W'—T(S,—S)
Because Q=T(S,—Sy) [Q—T(S,—S)])] =0

S (GG =-W’
i.e. (Go—G)+TAS;,=-W’
". at constant T, P, and no chemical work done, W’ =0
(fix composition => non-reacting) <=> (G,— G)+TAS;,=0

AG. . < Spontaneous process : AS,,, >0, AG=(G,-G,)<0
TP At equil.(Reversible) :AS,, =0, AG=0
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For infinitesimal change, dG+TdS;,=0
CS.dGrr=0

Criterion for equilibrium:
Atconst. T, P, dG, =0
GT,P = Gmin

5. dU=TdS-PdV

H = U+PV ..dH = dU+PdV+VdP
= (TdS-PdV)+PdV+VdP
=TdS+VdP
A = U-TS ..dA =dU-TdS-SdT
= (TdS-PdV)-TdS-SdT
= -PdV-SdT
G = H-TS .".dG = dH-TdS-SdT
= (TdS+VdP)-TdS-SdT
= VdP-SdT
dU = TdS-PdV
dH=TdS+VdAP |.oevvirinnnen, ©
dA = -PdV-SdT
dG = VdP-SdT

Variation of composition and size of system.

* For a closed system of fixed composition and size, only two independent

variables are required.

* For multi-component closed system, compositions are variable.

e.g. CO+H,0 = CO,+H,

When G = G,, at constant T, P, an unigue composition exists

(Neo. Ny,01Nco, s Ny, ).

G= G(T, P, n;, nj, Ny voveeenn
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~.dG = (ﬁj dT +(§j dP + (i) dng +..oe.
oT P, opP T.ny ani TP ...

yoon

dG = —SdT +VdP + Z(ﬁj dn

1/T,P.ng
Define: u, = L Chemical potential
ani T,P.nj,ng,...
Similarly,
dU =TdS —PdV + > Xy dn,
ani SV.N,

dH =TdS +VdP + Z[G—Hj dn,
an S,P.nj,....

on

and | # :L@j _(Q] _[ﬁj _[%j
I on, TP e an; SVNj e on, S.PNj on, TV

dU =TdS —PdV + > s,dn,
cp. dU =R - W S OW =PdV =) dn,
—Z 4;dn, is chemical work done by system.

dA=-SdT - PdV + Z[%j dn,
TV,

* Summary of criteria for equilibrium

2" Jaw: Sy = S .dSyy=0
dUSVVgO US,V = Umin
dHsp=0 Hsp = Huin
dAT,V§0 AT,V = Amin
dGT,péo GT,P = Gmin
* When multiple phases coexist:
T =T/ =...
Atequil.: P* =P/ =... Equil. conditions.
pe=pl =
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7. Coefficient Relations
() ()
oS oS )
- (5),45)
oV oV );
v {ﬁj :@j
oP ) oP );
RO
oT ), T Jp

8.  Maxwell Relations

If Z=2(x,y)
dzz(a—zj dx + (az) dy=L-dx+M -dy
ox ), oy ),

---@J:{;(@ZJ oo

(aM ~
OX 8yxy8x6y

(%H%—“fl

8Tj B (apj
oV 0S
w5
From © op S Jp Maxwell
é} _(@_Pj
ov ). \aT ),
&),
oP); \oT ),
Reciprocal and ratio relation
* Reciprocal: (gj = L
"%
oz ),
. OX OX
* Ratio: x=xly,z dx=|—| -dy+|—| -dz .cceceueen. 1
(v.2) (ayl y [szy (1)
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oz 0z
z=12(x,y) dz= (&Jy -dx+(§jX VAR (2)

* 1 _
From (2) dz - (82) dx + (azj dy
OX ), X,
_ o) () gy
dx = [aij ( sz dy+(az)y Az, (3)

Compare (1),(3) = .. (a_xj =—(@J (%J
ay z y X oz y

|3}

10. Derived equations

@O s=8(TV)
dS:(éj -dT +(éj AV @
aT )y oV );
+ TdS, =&, =dU,, =nC,dT,
oS nC
(—J L ) CVZT.(ﬁJ :(QJ
or)y T oT ), \aT ),
By Maxwell relations, (ﬁj :(@J
oV ); \aT )y
By ratio relation, [Ej (ﬂj (a—v) =-1
ot ), \oV ), \ 0P J;
)
(oP) _ -1 _ T Jp
GG, (3
oV ), \ 0P ); oP ),
S
AGIDE V6P ),
(8_Pj _Va_a
\or), VB B
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- ds = "Cv

dT + £dv
B

or | TdS=nC,dT +%dv

=0

T

- . [QJ
@ One mole ideal gas: Y

dU =TdS — PdV

(G_Uj :T(ﬁj p
ov ). lav )

-1(&] -
aT )y

Exercise: [a_uj =0
T

(® One mole ideal gas: (ﬁj =0
T

- dH =TdS +VdP

() {3
oP ). \oP);

=—T x (Ej +V
P
=V +V =0
Exercise: (a—H) =0
=== 1 (ov ),
@ S=S(T,P)
- ds :[@j T {ﬁj dp
oT ), oP ).

0S

R -1t -1 ([ |
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U=umn

(Maxwell)

H=H(m!

(Maxwell)

)
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oS
=T 2] a7
@rev,P [aTjP P

()
aT ), oT Js

(@j _Ce
et ), T

And [@Sj =_(ﬂj - Va
oP).  \aT ),

5.dS =—==dT —VadP
T

O

Or TdS =C,dT —TVadP

Tds = 2 gp 4 Ce gy
a aV

Tds = C, dT +%dv

® G=H-TS
G_H ¢
T T
[8(‘%)] ) 8('%)] 2]
oT oT ot |,
P P
T aHj _
T ), C,
- T? T
_ H 1(oH C,
T2 ?[a_jp T
__H G G
T2 T T
[ﬁ)} _H
oT T?
P
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2" TdS

3" TdS

1% TdS

Gibbs-Helmholtz equation
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. F(A;T%)] an

P

e

U

A% H H,] H,-H, AH
R R R

P P

aT ot T?
P P
Or GZ_GleZ_Hl—(sz—sl); AG _AH _4s
T T T T
a(A(%) _ 5(“%) _{G(AS)}
oT oT a |,
P P
]y,
Lot e _AC,
- T2 T
" T-AC,—-AH AC,  AH
- T? T  T?

{%5)] 1 [6(%)] :H

and [%A(%y) =AH

{I\/IeasureG(T), Plot (C%) Vs (%) slopeis H(T)

Measure AG(T), Plot (A(%)vs (%) slopeis AH(T)

ol s
[ - [ e
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@ Co-C, = (Z\T/j {P{Z—\Ljn ............... (Eq.2.8)
-+ dA = —SdT - PdV ,-,(@j __p

&)
N
e (T @), (7R
bt
(%) (3 (2) -
-3,

c. ¢, = {X) () (2]
oT ), \oT ), \ oV J;
2
(v
B aT Js
(v
oP J;
because asl(ﬂ] (ﬂj =V
vaT ), aT ),
1(0oV oV
S @
VP J; oP J;
2 2
C.-C, __TV a
-pV
; l.a—-0
TVa
C.-C, = 5 C, >C, ot O{CV—>O
C, -0
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* EX: Al=26.98 g/mole, T=20"C =298K

C,=24.36 J/mole.K p =2.70 g/lcm®
a =17.05x10° K*; £ =1.20x10° atm™
Cv=?

Sol: V=M/ p =26.98/2.70=10 cm*mole=0.01 I/mole

TVa? 298x0.01x(7.05x10°f  8.314
C, =Cp -

= 24.36 - > x
1.2x10" 0.082

- J
=213 Jnote ¢
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